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ABSTRACT 
 
The features of the terms in the time-averaged momentum equation for the solid 
phase are examined for three CFB units ranging from a laboratory-scale unit to a 
small CFB boiler. The CFD simulations were based on the Eulerian granular model 
of the Fluent software. The time-averaged terms calculated during the time-
dependent simulations are analysed and conclusions on their relative importance 
are drawn. An analysis of the terms in the vertical solids momentum equation in the 
central region of a CFB is presented.   
  
INTRODUCTION 
 
Today dense multiphase flows are usually modelled as time dependent. As transient 
multiphase simulations commonly require a small time step and a fine mesh, CFD 
simulations of fluidized beds typically demand significant computing resources. 
Especially in case of large industrial CFB units, steady-state multiphase modelling 
can thus be an attractive alternative. The multiphase closure models developed for 
time-dependent modelling are not as such applicable in steady-state simulations. 
Additional terms resulting from the time-averaging process need to be closed. The 
closure models are crucial since in steady-state simulations, a larger portion of 
momentum transfer is expressed by closure models than in transient simulations. 
Therefore, steady-state simulations rely more on the closure relations and especially 
on the models for inter-phase momentum transfer and for the Reynolds stress terms.  
  
Several attempts to develop closure models for coarse-mesh and steady-state 
simulations have been presented in the literature. Agrawal et al. (1), Andrews et al. 
(2), Igci et al. (3), and Zhang and VanderHeyden (4) studied the average drag and 
stress terms. In Zhang and VanderHeyden (5), an added-mass force closure was 
suggested for the correlation between fluctuations of the pressure gradient of the 
continuous phase and fluctuations of solids volume fraction. De Wilde (6) analysed 
the same term from simulations and accounted also for the drag force in the 
derivation of new closure models that were applied in De Wilde et al. (7) for steady-
state simulation of a riser. Zheng et al. (8) presented a two-scale Reynolds stress 
turbulence model for gas-particle flows. The closure models mentioned above are 
mainly based on transient simulations in a fairly small scale. 
TIME-AVERAGED CFD MODELLING OF CFB PROCESSES  
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Time-averaged equations used in steady-state simulations are developed by 
averaging the corresponding transient equations over time. A number of new terms 
arising due to correlations between fluctuations in velocities, voidage, and local 
stresses have to be modelled to close the equation system. Closure relations can be 
derived by analyzing measurements and/or results from transient simulations. In this 
work, time-dependent simulations were conducted and validated by measurements.  
 
The momentum equation used in the transient simulations can be written for phase 
q (gas phase denoted by g and solid phase by s) as follows: 
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where t is time, x a spatial coordinate, α volume fraction, ρ density, u velocity, p gas 
phase pressure, ps solids pressure, g gravitational acceleration, K drag coefficient, 
δqs Kronecker delta, τ laminar stress, and  τM local scale turbulent stress. A time-
averaged momentum equation is obtained by averaging Equation (1) over time. A 
time average, also called Reynolds average, of a variable  is defined as  
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The instantaneous values can now be written as '  . The time average is 
used as such for the volume fraction αq and pressure p. A Favre average or a 
phase-weighted average is defined as follows 
qq  /                                                                                              (3) 
Favre averaging is applied on velocities and we denote the average velocity by 
 iqiq uU ,, . For the instantaneous velocity we have then ",,, iqiqiq uUu  . We obtain 
now the time-averaged momentum equation for a phase q 
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The terms on the right hand side are the gravitation term, pressure term, pressure 
fluctuation term, laminar stress, turbulent stress, drag force, solid pressure term, and 
the Reynolds stress term. The gravitation and pressure terms can be calculated 
from the basic average flow properties but the rest need to be modelled. 
 
On basis of an analysis of the time-averaged results of a simulation of a CFB pilot, 
Kallio et al. (9) found that the three main terms to be modelled in the time-averaged 
momentum equation are the drag, Reynolds stress, and pressure fluctuation terms. 
In addition to these three terms, the averages of the laminar and turbulent stress 
terms and the average solids pressure require modelling. Kallio et al. (9) showed, 
however, that these terms are relatively small in the major part of a CFB. In this 
paper we concentrate on the central upper part of the CFB riser, where we focus on 
the drag force, the pressure fluctuation term, the solids pressure term and the 
Reynolds stress term in the axial solids momentum equation.  
OVERVIEW OF THE SIMULATIONS 
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A large number of time-dependent simulations for analysis of time-averaged 
properties were carried out. For this paper eight 2D simulations, listed in Table 1, 
were selected. Three different geometries were included: the 2D laboratory scale 
CFB unit at Åbo Akademi University (ÅA), the Chalmers boiler, and the cold pilot 
CFB unit of Foster Wheeler in Karhula, Finland.  
 
Table 1. Case details. (W: riser width, D: depth, H: height, U0: superficial gas 
velocity, dp: particle diameter, Rep Reynolds number, vt: terminal velocity, Δttotal: 
simulated time period). 
Case Geometry W x D x H 
m x m x m 
Uo  
m/s 
dp  
mm 
ρp 
kg/m3 
Rep 
#) 
vt 
m/s 
Δttotal
s 
1 ÅA 0.4 x 0.015 x 3 3.15 0.385 2480 75 2.9 1393
2 ÅA 0.4 x 0.015 x 3 3.25 0.44 2480 99 3.3 123 
3 ÅA 0.4 x 0.015 x 3 3.75 0.44 2480 99 3.3 124 
4 ÅA 0.4 x 0.015 x 3 2.75 0.256 2480 45 2.2 129 
5 ÅA 0.4 x 0.015 x 3 2.75 0.256 2480 3.0 1.5 105 
6 Chalmers 1.62 x 1.42 x 13.5*) 5.8 0.250 2600 2.7 1.5 656 
7 Karhula 1.0 x 0.25 x 7.3 3.0 0.23 1800 20 1.3 333 
8 Karhula 1.0 x 0.25 x 7.3 5.0 0.23 1800 20 1.3 250 
#) case 5: ρg=0.31 kg/m3, μg=4.45·10-5 kg/ms, all other cases: ρg=1.225 kg/m3, viscosity μg=1.79·10-5 kg/ms 
*) below 2.2 m the cross-section is 1.42 m x 1.42 m 
 
In the cases of Chalmers and Karhula CFBs, modifications were done to the 
geometry to allow 2D simulations. In addition, the geometries were selected such 
that the superficial gas flow rate at each height corresponded to the one in the 3D 
experiment. Comparisons to measurements in the ÅA geometry were presented in 
(10) and in the Karhula geometry in (9). The conditions for the Chalmers simulation 
(Case 6) were chosen from Zhang et al. (11). In the chosen case there is no 
secondary air flow and the uniform bed temperature is 850 ºC. The actual Sauter 
mean diameter in the experiments was 0.33 mm. To better describe the average 
particle size in the upper part of the riser, the particle size used was reduced to 0.25 
mm. 
 
Time-dependent CFD simulations were conducted with the Fluent software (12) 
using the same kinetic theory based hydrodynamic models as in (9). In Cases 1-3 a 
uniform mesh with mesh spacings of 6.25 mm was used. In Cases 4 and 5 the mesh 
was otherwise the same but in the bottom region up to 0.7 m height the spacings 
were halved. In Case 6 mesh spacings were 20 mm except for the wall regions were 
the mesh was refined in the lateral direction. In Cases 7 and 8 the mesh spacings 
varied in the vertical direction from 43 mm at the bottom to 49 mm at the top and in 
the lateral direction from 14 mm at the walls to 41 mm in the centre.  
 
In Cases 1-5 the gas-solids drag was calculated from the Ergun (13) equation in the 
dense suspension regions up to 80% voidage while in the more dilute regions the 
equation of Wen & Yu (14) was applied. In Cases 7 and 8 the drag correction 
function used in (9) was applied on the drag to counteract the effects of the 
significant small-scale clustering that is not correctly produced by the CFD 
simulation in a coarse mesh. In Case 6 the correction function was modified to take 
into account the differences in phase properties and mesh spacings. The correction 
functions, with which the single particle drag law is multiplied, are shown in Fig. 1. 
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Fig. 1. Correction functions applied to the single particle drag law. 
 
RESULTS 
 
The time-averaged terms in Eq. (4) were calculated for all the eight cases. Plots of 
the average volume fractions obtained in three simulations and the 2D geometries 
are shown in Fig. 2. In industrial CFBs the major part of the flow domain is dilute and 
far from walls and thus also our analysis concentrates on the terms in similar flow 
conditions. Close to the walls, at riser bottom and at riser exit the flow patterns and 
consequently also the behaviour of the balance equation terms are more 
complicated. The studied regions are depicted in Fig. 2. 
  
 a) Case 1 b) Case 6 c) Case 8 
Fig. 2. Logarithmic solids volume fraction contours and geometries of the simulated 
cases: a) Åbo Akademi pilot scale riser b) Chalmers boiler c) Karhula CFB pilot. The 
areas considered in the analysis are marked by the rectangular boxes. 
We concentrate on the terms in the vertical momentum equation for the solid phase 
and start the analysis from the gas-particle drag term. In dilute conditions, the local 
instantaneous drag force is calculated from the equation of Wen & Yu (14). Thus a 
good measure of clustering effects on the average drag would be the deviation from 
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a drag force that is calculated from the equation of Wen & Yu (14). For comparison 
we thus calculate in every point of the flow domain this theoretical drag force 
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and divide it with the time-averaged vertical drag force  sigigs uuK  .   
 
The resulting drag ratio in each mesh point inside the region marked in Fig. 2a is 
depicted in Fig. 3a for Case 1. In the entire region the ratio stays above one 
indicating that clustering has reduced the average drag force acting on the particles. 
We note an almost linear relationship between the drag ratio and the logarithm of 
the solids volume fraction. Thus a linear function is fitted to the data. Fig. 3b 
compares the corresponding linear functions obtained from all the eight simulations. 
No big difference is seen between Cases 1, 2 and 3, in which the material properties 
of gas and solids are similar. In Case 4, where the particles were smaller, the 
obtained drag ratio is higher indicating stronger clustering. In the hot conditions of 
Case 5, with the same particle size as in Case 4, the drag ratio is even higher. In 
Case 6, i.e. in the simulation of the Chalmers boiler, the drag ratio is significantly 
higher than in the other cases. In this case the drag was already strongly reduced 
during the calculation to account for the coarse mesh, which can have affected the 
results. Similarly in Cases 7 and 8 a drag correction function was used during the 
transient simulations, which makes the results somewhat unreliable. 
a)   b)  
Fig. 3. a) Time-averaged vertical drag force in the studied region in Case 1 divided 
by the theoretical drag calculated from Eq. (5) and a linear fit to the data. b) The 
corresponding fitted lines in all the eight cases.  
 
The values obtained for the other terms in Eq. (4) were scaled by dividing by the 
time-averaged vertical drag force to facilitate the comparisons between different 
terms. Contours of the average vertical drag force per solids mass in Case 1 are 
shown in Fig. 4a. The ratio between the vertical Reynolds stress term and the 
average vertical drag force is shown in Fig. 4b and the ratio between the solids 
pressure term and the average vertical drag force in Fig. 4c. Fig. 4a shows clearly 
the reduction in the drag force in the intermediate solids concentration range 
characterized by extensive clustering. According to Fig. 4b, the Reynolds stress 
term is of the same order of magnitude with the drag term in the major part of the 
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flow domain. No simple relationship between the Reynolds stress term and other 
flow properties was found. Thus a more rigorous model is required.  
a)   b)  c)    
Fig. 4. Case 1: a) Contours of the average vertical drag force per solids mass. b) 
The ratio of the vertical Reynolds stress term to the average vertical drag. c) The 
ratio of the average solids pressure term to the average vertical drag force.  
 
In Fig. 5a, the pressure fluctuation term divided by the average drag is shown as a 
function of solids volume fraction. Again a linear relationship is obtained and linear 
functions (Fig. 5b) are fitted to the data in the eight cases. On basis of the results 
from Cases 1-5, the ratio between the pressure fluctuation term and the drag force 
decreases with voidage and is unaffected by the particle size and the Reynolds 
number. The results from Cases 6-8 differ, which can be due to the coarser mesh 
that affects the way fluctuations are produced in the simulation. In the literature, the 
pressure fluctuation term has been modelled through an added mass term (e.g. De 
Wilde (6), Zhang & VanderHeyden (5)). The pressure fluctuation term produced by 
the model of De Wilde (6) was compared with the values obtained from the 
simulation of Case 1. The pressure fluctuation term produced by the model was of a 
completely different character than what we observe in our simulations. 
a) b)
Fig. 5. a) Time-averaged vertical pressure fluctuation term divided by the average 
vertical drag force in the studied region in Case 1 as a function of solids volume 
fraction and a linear fit to the data. b) The corresponding fitted lines in all the eight 
cases.  
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The average solids pressure term shown in Fig. 6c is small compared to the 
average drag and pressure fluctuation terms in the solids vertical momentum 
equation. However, in the lateral equation it is a significant term. A linear correlation 
of the average solids pressure with the square of the average volume fraction was 
observed (Fig. 6a.) and thus linear functions could be fitted to the data in all the 
eight cases, see Fig. 6b. A clear increase in the average solids pressure is seen as 
a function of solids volume fraction. In addition, the average solids pressure 
increases as a function of the particle Reynolds number. In the coarse mesh 
simulations in Cases 6-8, solids pressure is lower. In a coarse mesh, the simulation 
fails to produce very high local solids volume fractions that would be required for 
high values of local solids pressure. Thus coarse mesh simulations are not suitable 
for estimation of solids pressure. 
 
A similar analysis of the terms could be done for the lateral time-averaged 
momentum equation. The relative importance of the different terms, e.g. of the 
solids pressure term, differs from the situation in the vertical equation. The lateral 
drag force, however, is very small which complicates the comparisons of different 
terms.  
a) b)  
2
s (10-3) 2s (10-3) 
Fig. 6. a) Time-averaged solids pressure as function of the square of the average 
solids volume fraction in the studied region in Case 1 and a linear fit to the data. b) 
The corresponding fitted lines in all the eight cases.  
 
CONCLUSIONS 
 
An analysis of the terms in the time-averaged vertical momentum equation for the 
solid phase was conducted for eight cases and for three CFB units ranging from a 
laboratory-scale unit to a small CFB boiler. The analysis was based on time-
averaging the results from time-dependent simulations. An analysis of the terms in 
the time-averaged vertical solids momentum equation in the central region of a CFB 
was presented. There the largest terms are the drag term and the Reynolds stress 
term.  A clear reduction in the average drag force per solids mass was observed in 
the intermediate solids concentration range where significant clustering takes place. 
This reduction in the average drag force is largest for small particles and it also 
increases with the gas temperature. The average pressure fluctuation term was 
found to increase with the average drag force and the ratio of the average pressure 
fluctuation term to the average drag force could be described by a simple linear 
function of the average solids volume fraction. For average solids pressure in the 
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analyzed cases, a relationship with the average solids volume fraction and the 
particle Reynolds number was found. 
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